Rules for integrands of the form (dx)" (a + bx? + ¢ x*)°

X. j(dx)"‘ (bx? + cx*)P dax

1: J(dx)"‘ (bx*+cx*)Pdx whenpez

Derivation: Algebraic simplification
Basis: If pEEZ,then(bx2+cxﬂp==ﬁ;(dxf”(b+cxﬂp
Rule 1.2.2.2.0.1: If p € Z, then

1
J(dx)'" (bx2+cx4)pd1x — dz—pJ\(dx)’"+2p (b+cx2)pd]x

Program code:

(* Int[(d_.*x_)"m_.*(b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
1/d” (2%p) *Int[ (d*Xx)~ (m+2xp) * (b+c*x"2) *p,x] /;
FreeQ[{b,c,d,m},x] && IntegerQ[p] *)



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

2: J(dx)'“ (bx? +cx*)Pdx whenp ¢z

Derivation: Piecewise constant extraction

Basis:; o, —(2Xxex)” g

(dx)?P (b+cx?)?

Rule 1.2.2.2.0.2:If p ¢ Z, then

(bx2+cx4)p

(dx)" (bx*+cx*)Pdx — (dx)™2P (b +cx?)®dx
ki

(dx)2P (b+cx?

Program code:

(* Int[(d_.*x_)"m_.*(b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
(bxx~2+cxx”4) ~p/ ((d*X) ™ (2%p) * (b+c*xx”2) *p) *Int [ (d*xXx) ~ (M+2xp) » (b+Cc*x"2) *p,x] /;
FreeQ[{b,c,d,m,p},x] && Not[IntegerQ[p]] =*)

1: Jx (a+bx2+cx4)pd1x

Derivation: Integration by substitution
Basis: xF[x?] = fSubst[F[x], X, X2] 8x?

Rule 1.2.2.2.1:

jx (a+bx®+cx*)Pdx — %Subst[j(a+bx+cx2)pdx, X, xz]

Program code:

Int[x_=*(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
1/2%Subst [Int[ (a+bxXx+c*x"2) *p,X],X,X*2] /;
FreeQ[{a,b,c,p},X]



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

2: J(dx)"‘ (a+bx*+cx*)?dx whenpez*

Derivation: Algebraic expansion

Rule 1.2.2.2.2:If p € Z*, then

J(d x)" (a+bx*+cx?)Pdx — JExpandIntegr'and [(dx)" (a+bx*+cx?)?, x] dx

Program code:
Int[(d_.*x_)"m_.x(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=

Int [ExpandIntegrand[ (d*x) “m* (a+b*x*2+c*x"4) *p,x],x] /;
FreeQ[{a,b,c,d,m},x] && IGtQ[p,0] && Not[IntegerQ[ (m+1)/2]]

3. J(dx)“‘ (a+bx®+cx*)Pdx whenb?-4ac==0

x: f(dx)'“ (a+bx®+cx*)Pdx whenb?-4ac=0 A pez

Derivation: Algebraic simplification
Basis: If b> -4 ac=0,thena+bz+cz2=2 (+cz)’
Rule1.2.2.2.3.1:1f b2-4ac =0 A p e Z,then

1 b 2p
J\(dx)m(a+bx2+cx4)pdlx—> Tj(dx)m (—+cx2] dx
[d 2

Program code:

(* Int[(d_.*x_)"m_.*(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
1/c p*Int[ (d+x) ~mx (b/2+C*X"2) ~ (2*p) ,X] /3
FreeQ[{a,b,c,d,m,p},x] && EqQ[b”*2-4xaxc,0] && IntegerQ[p] =)



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

2. J(dx)'“ (a+bx*+cx*)Pdx whenb?-4ac=0 A p¢z

1. [(@x)" (a+bx®+cx*)Pdx whenb?-4ac=0 Ap¢Z Am+4p+5=20 A p#-=
2

1: J(dx)’" (a+bx®+cx*)Pdx whenb?-4ac=0 Ap¢zZ Am+4p+5=0 A p<-1

Derivation: Square trinomial recurrence 2c withm + 4 p + 5 ==

Rule1.2.2.23.2.1:1f b2-4ac=0Ape¢Z Am+4p+5=0 A p< -1,then

2 (dx)™? (a+bx2+cx“)p+1 (d x)™? (a+bx2+cx“)p+1
J\(dx)’"(a+bx2+cx4)pdlx—> -
d (m+3) (2a+bx?) 2ad (m+3) (p+1)

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
2% (dxXx) * (m+1) * (Q+b*x*2+CcxXx*4) A (p+1) / (d* (m+3) * (2xa+bxx"2)) -
(d*x) A (m+1) » (a+b*x*2+c*x"4) ~ (p+1) / (2*xa*xd» (m+3) » (p+1)) /;
FreeQ[{a,b,c,d,m,p},x] & & EqQ[b”2-4xaxc,0] && Not[IntegerQ[p]] && EqQ[m+4xp+5,0] && LtQ[p,-1]



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

2: j(dx)’“ (a+bx*+cx*)Pdx whenb?-4ac=0 Apé¢zZ Am+4p+5=0 A p;é—%

Derivation: Square trinomial recurrence 2c withm+4p +5 == 0

Rule1.2.223.2.1:1f b>*-4ac=0 Ap¢Z Am+4p+5==0 A p#-7,then

(d x) ™t (a+bx2+cx“)ID+1 (dx)™* (2a+bx?) (a+bx?+cx*)P

j(dx)’" (a+bx*+cx*)Pdax —
d4ad (p+1) (2p+1) 4ad (2p+1)

Program code:

Int[(d_.*x_)"m_.x(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
(d#X) ~ (M+1) * (a+b*X 2+C*X 4) A (p+1) / (Axaxdx (p+1) * (2xp+1)) -
(d*x)~ (m+1) * (2xa+b*x"2) * (a+b*x*2+c*x"4) *p/ (4*axdx (2xp+1)) /;
FreeQ[{a,b,c,d,m,p},x] &% EqQ[b"2-4xaxc,0] && Not[IntegerQ[p]] && EqQ[m+4xp+5,0] &% NeQ[p,-1/2]

s Jx’" (a+bx®+cx*)Pdx whenb?-4ac=0 A p—%ez A "'2;152

Derivation: Integration by substitution
Basis: If % e Z,then x F[x?] = %Subst[x? FIXx], X, X2] 8yx?
Rule1.2.2.25.1:1f b>-4ac==0 A p- % €Z A m;—l € 7,then

J.x'“ (a+bx*+cx*)Pdx — %Subst[J‘xg (a+bx+cx?)?dx, x, XZ]

Program code:

Int[x_"m_.x(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
1/2%Subst [Int [x" ((m-1) /2) * (a+bxX+Cc*Xx"*2) *p,X] ,X,X*2] /;
FreeQ[{a,b,c,p},x] &% EqQ[b”2-4xaxc,0] && IntegerQ[p-1/2] && IntegerQ[ (m-1)/2] && (GtQ[m,0] || LtQ[O,4xp,-m-1])



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

2: J-(dx)m (a+bx*+cx*)Pdx whenb?-4ac=0 A p—%ez Amez* Delete!

Derivation: Piecewise constant extraction

. b x2rc x4)Pt
Basis: If b2 - 4 a ¢ == 0, then 6y (a+bx+ex ) =0
(2+c X2>2(p Y
2
 Rulel.22.2322:f b>-4ac=0 Ap-Lecz Amez,then
+bx?+cx? p+1 2
J(dx)m(a+bx2+cx4)pdx — c(a+b zc( +1)) (dx)" (E+cx2] pdlx
(§+cx2) : 2

Program code:

(* Int[(d_.*x_)"m_.*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
cx (a+bx*x*2+cxx"4) ~ (p+1) / (b/2+c*x"2) ~ (2% (p+1) ) *Int[ (d*x) *m* (b/2+c*x"2) ~ (2xp) ,X] /;
FreeQ[{a,b,c,d,m,p},x] &% EqQ[b"2-4xaxc,0] && IntegerQ[p-1/2] && IGeQ[m,2xp] =)



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

3: J(dx)’" (a+bx*+cx*)Pdx whenb?-4ac=0 A p¢z

Derivation: Piecewise constant extraction
+ 2, 4\P
Basis: If b? - 4 a ¢ == 0, then oy {asbxteext)”

(g+c x2)2p -

Note:If b2 -4 ac == @,theﬂa+bz+czz==%(§+cz)2

Rule1.2.2.2.3.2.2:1f b>-4ac =0 A p ¢ Z,then

) FracPart[p]

(a+bx2+cx4 b 2p
J(dx)m(—+cx2) dx
2 FracPart[p] 2

J\(dx)'“ (a+bx®+cx*)Pdx —

cIntPart[p] (g +C XZ)

Program code:

Int[(d_.*x_)"m_.x(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
(a+bxx”*2+c*x”4) "FracPart[p]/ (c*IntPart[p]*(b/2+c*x"2) " (2xFracPart[p])) *Int[ (d*x) m* (b/2+c*x*2) " (2xp) ,x] /;
FreeQ[{a,b,c,d,m,p},x] &% EqQ[b”2-4xaxc,0] && IntegerQ[p-1/2]

Int[(d_.*x_)"m_.x(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
a”IntPart[p] * (a+bx*x*2+cxx"4) *FracPart[p]/ (1+2xc*x*2/b)* (2xFracPart[p]) *Int[ (d*Xx) "m* (1+2*Cc*x*2/b)~ (2xp) ,X] /;
FreeQ[{a,b,c,d,m,p},x] &% EqQ[b”2-4xaxc,0] & & Not[IntegerQ[2xp]]



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

4: jx'" (a+bx*+cx*)Pdx whenm;—lez

Derivation: Integration by substitution

Basis: If % e Z, then x» F[xz] = lSubst[x?F[x], X, xz] By X2

2

Rule1.2.2.2.5.1: If % € 7, then

m-1
2

1
Jx“‘ (a+bx®+cx*)Pdx — —Subst[jx (a+bx+cx?)Pdx, x, xz]
2

Program code:

Int[x_"m_.x(a_+b_.xx_"2+c_.*x_"4)"p_.,x_Symbol] :=
1/2%Subst [Int [x” ((m-1) /2) * (a+bxX+Cc*X*2) *p,X] ,X,X"2] /;
FreeQ[{a,b,c,p},x] && IntegerQ[ (m-1)/2]



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

5: J(dx)"‘ (a+bx*+cx*)Pdx whenb?-4ac#@ AmeF

Derivation: Integration by substitution

Basis: If k e Z*, then (dx)"F[x] = §Subst[xk (m"l)‘lF[’;—k], X, (d x)l/k] By (dx)l/k

Rule1.2.2.2.6.1.2:1f b2-4ac +0 A meF,letk = Denominator[m], then
f(dx)'" (a+bx*+cx*)Pdx — ESubst[J.xk (m+1)-1 [a+ b::k + C::k]pdlx, X, (dx)l/k]

Program code:

Int[(d_.*x_)"m_x(a_+b_.*Xx_"2+C_.*x_"4)"p_,x_Symbol] :=

With [ {k=Denominator[m]},

k/d*Subst [Int [x” (kx (m+1) -1) » (a+b*x" (2xk) /d"2+C*x" (4xk) /d"4) *p,X],X, (d*x) ~(1/k)1] /3
FreeQ[{a,b,c,d,p},x] & NeQ[b”2-4xaxc,0] && FractionQ[m] & IntegerQ[p]



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

6. J(dx)“‘ (a+bx*+cx*)Pdx whenb?-4ac#0 A p>0

1: f(dx)m(a+bx2+cx4)pdx whenb?-4ac#0 Ap>0 Am>1

Derivation: Trinomial recurrence 1lb withA=0,B =1andm =m - n

Rule1.2.2.2.6.1.3.1:1f b2-4ac+0 A p>0 A m> 1, then

j(d )" (a+bx*+cx*)Pdx —

d(@x)"* (a+bx®+cx*)? (2bp+c (m+4p-1) x?)

c(m+4p+1) (m+4p-1)
2pd?
c(m+4p+1) (m+4p-1)

J\(dx)"“z (a+bx2+cx“)'°'1 (ab(m-1) - (2ac (m+4p-1) -b*> (m+2p-1)) x*) dx

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*x_"2+c_.xx_"4)"p_,x_Symbol] :=
dx (dxx) A (m-1) * (a+b*X"2+C*X*4) *p* (2xbxp+C* (M+4xp-1) ¥x"2) / (C*x (M+4%p+1) » (M+4xp-1)) -
2xp*xd”2/ (Cx (M+4xp+1) * (M+4xp-1)) »
Int [ (d#x) ~ (m-2) * (a+b*x"2+c*x"4) ~ (p-1) *Simp [axbx (m-1) - (2*a*C* (M+4xp-1) -b" 2% (M+2xp-1) ) *x"2,X] ,x] /5
FreeQ[{a,b,c,d},x] && NeQ[b”2-4xaxc,0] && GtQ[p,0] && GtQ[m,1] && IntegerQ[2xp] && (IntegerQ[p] || IntegerQ[m])

10



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

2: J(dx)'“(a+bx2+cx4)pdlx whenb?-4ac#@ Ap>0 Am<-1

Reference: G&R 2.160.2
Derivation: Trinomial recurrence lawithA =1andB = 0

Rule1.2.2.2.6.1.3.2:If b>-4ac+0 A p >0 A m< -1,then

(dx)™ (a+bx®+cx*)P

2
J(dx)m(a+bx2+cx4)"d1x—> "7 P J\(dx)'"+2 (b+2cx?) (a+bx2+cx4)p'1dlx
(m+1)

d(m+1)

Program code:

Int[(d_.*x_)"m_.x(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
(d*xx) ~ (m+1) * (a+b*x*2+c*x"4) *p/ (d* (m+1)) -
2%p/ (d*2% (m+1) ) *Int [ (d*X) ~ (M+2) % (b+2%C%X"2) * (a+b*xx"2+cxx"4) ~ (p-1) ,X] /3
FreeQ[{a,b,c,d},x] &% NeQ[b”2-4xaxc,0] &% GtQ[p,0] && LtQ[m,-1] && IntegerQ[2xp] && (IntegerQ[p] || IntegerQ[m])



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

3: J(dx)'“(a+bx2+cx4)pdlx whenb?-4ac#0 Ap>0 Am+4p+1#0

Derivation: Trinomial recurrence lawithA=0,B=1andm=m-n
Derivation: Trinomial recurrence 1lb withA = 1andB = ©

Rule1.2.2.2.6.1.3.4:If b>-4ac+0@ Ap>0 Am+4p+1+0,then

(dx)™* (a+bx?+cx?)P 2p

J(dx)'" (a+bX2+Cx4)pd1x—> + J(dx)m (2a+bx2) (a+bx2+cx4)p'1dlx

d(m+4p+1) m+4p+1

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
(d*x) ~ (m+1) * (a+b*x*2+c*xx"4) *p/ (d* (Mm+4xp+1)) +
2xp/ (Mm+4%p+1) *Int [ (d*X) *m* (2xa+b*x"2) » (a+b*x"2+c*x"4) ~ (p-1) ,x] /;
FreeQ[{a,b,c,d,m},x] && NeQ[b”2-4xaxc,0] && GtQ[p,0] && NeQ[m+4xp+1,0] && IntegerQ[2xp] && (IntegerQ[p]

|| IntegerQ[m])
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p 13

7. f(dx)'“ (a+bx*+cx*)Pdx whenb?-4ac#@ A p<-1
1. J(dx)"‘ (a+bx®+cx*)Pdx whenb?>-4ac#0 A p<-1Am>1

1: J(dx)m(a+bx2+cx4)pdx whenb?-4ac#@ A p<-1 Al<ms<3

Derivation: Trinomial recurrence 2awithA = 1andB = ©
Derivation: Trinomial recurrence 2b withA=90,B =1andm =m - n

Rule1.2.2.2.6.1.4.1.1:1f b2-4ac+0 A p< -1 A 1<m=x< 3,then

j(d )" (a+bx*+cx*)Pdx —

d(dx)"?* (b+2cx?) (a+bxz+cx"')""1 @2 1
_ [@nm (o m-1)+2cmeapss)x) (aroscxt) ax
2 (p+1) (b2_4ac) 2 (p+1) (b2—4ac)

Program code:

Int[(d_.*x_)"m_.x(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
dx (d*x) A (m-1) * (b+2%xCc*Xx"*2) * (a+b*x*2+c*x"4) ~ (p+1) / (2% (p+1) » (b"2-4xaxc)) -
d~2/ (2% (p+1) * (b*2-4xaxc) ) *Int[ (d+X)~ (M-2) % (bx (M-1) +2%C* (M+4%p+5) *X 2) * (a+b*X 2+C*Xx 4) " (p+1) ,X] /3
FreeQ[{a,b,c,d},x] &% NeQ[b”2-4xaxc,0] &% LtQ[p,-1] &% GtQ[m,1] && LeQ[m,3] &% IntegerQ[2xp] && (IntegerQ[p] || IntegerQ[m])



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

2: J(dx)’" (a+bx*+cx*)Pdx whenb?-4ac#@ Ap<-1Am>3

Derivation: Trinomial recurrence 2awithA=0,B=1andm=m-n

Rule1.2.2.2.6.1.4.1.2:1f b>-4ac+0 A p< -1 A m> 3,then
J(dx)m (a+bx2+cx4)"d1x —
d® (dx)"3? (2a+bx?) (a+bx2+cx“)p+1 d* .
- + J\(dx)’"‘4 (2a (m-3) +b (m+4p+3) x*) (a+bx?+cx*)”dx
2 (p+1) (b*-4ac) 2(p+1) (b*-4ac)

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=

-d”3% (d*x) A (M-3) % (2%a+b*x"2) * (a+b*x"*2+Ccx*x*4) ~ (p+1) / (2% (p+1) * (b*2-4xaxc)) +

d*4/ (2% (p+1) * (b*2-4xaxc) ) *Int[ (d*x)” (M-4) * (2xa* (M-3) +bx (M+4*p+3) *X*2) * (a+b*xx*2+c*xx"4) ~ (p+1) ,Xx] /;
FreeQ[{a,b,c,d},x] && NeQ[b”2-4xaxc,0] &&% LtQ[p,-1] && GtQ[m,3] && IntegerQ[2xp] && (IntegerQ[p] || IntegerQ[m])
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

2: J(d x)" (a+bx*+cx*)?dx when

b’-4ac#0 Ap<-1

Derivation: Trinomial recurrence 2b withA = 1andB = ©

Rule1.2.2.2.6.1.4.2:1f b>-4ac +#0 A p < -1, then

1

J(d x)" (a+bx2+cx4)"d1x —

(d x)™* (b2—2ac+bcx2) (a+bx2+cx4)p+1

+

2ad (p+1) (b*-4ac)

2a (p+1) (

Program code:

- ) ~J‘(dx)“‘(a+bx2+cx4)p+1 (b> (m+2p+3) -2ac (m+4p+5) +bc (m+4p+7) x*) dx
b -4ac

Int[(d_.*x_)"m_.x(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
- (d*x)~ (m+1) % (b~2-2xa*C+bxC*X*2) » (a+b*x"2+Cc*X"4) ~ (p+1) / (2*xa*d* (p+1) » (b*2-4%axc)) +

1/ (2%ax (p+1) * (b*2-4xaxc) ) *

Int [ (d*X) *mx (a+b*X"2+CxXx*4) ~ (p+1) *Simp [bA2x (M+2xp+3) —2*a*Cx (M+4%p+5) +bxCx (M+4xp+7) x*X*2,X] ,x] /3
FreeQ[{a,b,c,d,m},x] && NeQ[b”"2-4xaxc,0] &% LtQ[p,-1] && IntegerQ[2xp] && (IntegerQ[p] || IntegerQ[m])

8: j(dx)'“(a+bx2+cx4)pdlx whenb?-4ac#@ Am>3 Am+4p+1+0

Reference: G&R 2.160.3

Derivation: Trinomial recurrence 3awithA=90,B=1andm=m-n

Note: G&R 2.174.1 is a special case of G&R 2.160.3.

Rule1.2.2.2.6.15:1f b>-4ac+0 Am>3 Am+4p+1+0,then

J(d x)" (a+bx*+cx*)Pdx —

15



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

d? (d x)"3 (a+bx2+cx“)p+1 d*
J d x)™4

(a(m-3) +b (m+2p-1) x*) (a+bx*+cx*)?dx
c(m+4p+1) c(m+4p+1)

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
d”*3% (d*x) A (Mm-3) * (a+b*x*2+c*x™4) ~ (p+1) / (C* (M+4xp+1)) -
d*4/ (cx (m+4xp+1) ) *
Int[ (d*x) " (m-4) +Simp[ax (M-3) +bx (M+24p-1) #X"2,X] * (a+b*Xx"2+Cxx"4) *p,x] /;
FreeQ[{a,b,c,d,p},x] && NeQ[b”"2-4xaxc,0] &% GtQ[m,3] && NeQ[m+4xp+1,0] &% IntegerQ[2xp] && (IntegerQ[p] || IntegerQ[m])

9: J‘(dx)"1 (a+bx® +cx*)?dx whenb?-4ac#0 Am<-1

Reference: G&R 2.160.1

Derivation: Trinomial recurrence 3b withA = 1andB = @
Note: G&R 2.161.6 is a special case of G&R 2.160.1.
Rule1.2.2.2.6.1.6:1f b2-4ac +0 A m< -1, then

J(d x)" (a+bx2+cx4)pdlx —

(dx)™ (a+bx*+c x“)’J+1

1
- j(dx)'“*z (b(m+2p+3) +c(m+ap+5)x?) (a+bx®+cx?)Pdx
ad (m+1) ad? (m+1)

Program code:

Int[(d_.*x_)"m_x(a_+b_.*Xx_"2+C_.*x_"4)"p_,x_Symbol] :=

(d*x)~ (m+1) * (a+bxx*2+cxx"4) A (p+1) / (a*d* (m+1)) -

1/ (a*d”*2% (m+1) ) *Int [ (d*Xx)~ (M+2) % (bx (M+2%p+3) +Cx (M+4%p+5) *X*2) » (a+bxx*2+c*x"4) *p,x] /;
FreeQ[{a,b,c,d,p},x] & & NeQ[b”"2-4xaxc,0] &% LtQ[m,-1] && IntegerQ[2xp] && (IntegerQ[p] || IntegerQ[m])



Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

(dx)"
10. J dx whenb?-4ac#0
a+bx?+cx?

(dx)"
1: j dx whenb?-4ac#0 Am< -1
a+bx?+cx*

Reference: G&R 2.176, CRC 123

Derivation: Algebraic expansion

Basis: —¢=n" . dzx" 1 (dz)™ (bscz)
arbzc2? a ad a+b z+c 22

Rule1.2.2.2.6.1.7.1:1f b>-4ac + 0 A m< -1, then

d m d m+1 1 dxm+2 b sz
J-—( X) dx — —( X) —j( ) ( - )dlx

a+bx?+cx* ad (m+1) ad? a+bx?+cx?

Program code:

Int[(d_.*x_)"m_/(a_+b_.*x_"2+c_.*x_"4),x_Symbol] :=

(d%xx)~ (m+1) / (a*xd* (m+1)) -

1/ (a*d”2) *Int [ (dxx)~ (m+2) * (b+Cxx"2) / (a+bxx*2+cxx"4) ,x] /;
FreeQ[{a,b,c,d},x] && NeQ[b”2-4xaxc,0] &&% LtQ[m,-1]
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

(dx)"
2. J—dlx whenb?-4ac#0 Am>3
a+bx?+cx*

Xm
1: J—dlx whenb?-4ac#0 Am>5 Amez
a+bx?+cx

Derivation: Algebraic expansion

Rule1.2.2.2.6.1.7.2.1:1f b>-4ac+0© Am>5 A me Z, then

m

X
J— dx — JPolynomialDivide [x", a+bx*+cx?, x] dx
a+bx?+cx*

Program code:

Int[x_"m_/ (a_+b_.*x_"2+c_.*x_"4),x_Symbol] :=
Int [PolynomialDivide [x~m, (a+b*Xx*2+c*x"4) ,Xx] ,x] /5
FreeQ[{a,b,c},x] &% NeQ[b"2-4xaxc,0] && IGtQ[m,5]
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

(dx)"
2: J- dx whenb?-4ac#0 Am>3 Not necessary?
a+bx?+cx?

Reference: G&R 2.174.1, CRC 119

Derivation: Algebraic expansion

Basis: —d=z _ __ d@dz)™? d? (dz)"? (a+bz)
a+b z+c z2 c c a+b z+c z2
Rule 1.2.2.2.6.1.7.2.2:1f b>-4ac #+ @ A m > 3, then

dx)" d(dx)™3 d* ~@dx)"™? (a+bx2)
j—dx . —'_J

a+bx?+cx? c (m-3) c

Program code:

Int[(d_.*x_)"m_/(a_+b_.*x_"2+c_.*x_"4),x_Symbol] :=
d”*3* (dxx) A (m-3) / (c* (m-3)) - d*4/c*Int[ (d*x)”(m-4)* (a+bxx"2) / (a+bx*x*2+cxx*4) ,x] /;
FreeQ[{a,b,c,d},x] && NeQ[b”2-4xaxc,0] & GtQ[m,3]

a+bx?+cx*
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

a+bx?+cx*

2
X
1: j—dlx whenb?-4ac<® A ac>9
a+bx?+cx?

Xm
3. J—dlx whenb?-4ac#0 AmeZ*A1<m<4 Ab2-4acy0

Derivation: Algebraic expansion

. 2 2 2
Basis: Letgq — ./ 2 , then X — q+X _ q-x
q c’ a+b x2+c x4 2 (a+b x21c x4> 2 (a+b x2+C x4)

Note: Resulting integrands are of the form % wherec d? -ae?==0 A b2-4ac » 0, forwhichthereisrule.

Rule1.2.2.26.1.7.3.1:1f b>-4ac <@ A ac>0,letq— ./ 2 ,then
x? . 1 q+x2 1 q-x2
Ja+bx2+cx4dx 2Ja+bx2+cx4dx 2Ja+bx2+cx4dx

Program code:
Int[x_"2/(a_+b_.*x_"2+c_.*x_"4), x_Symbol] :=

With[{q=Rt[a/c,2]},
1/2xInt[ (q+x"2) / (a+b*x*2+cxx*4) ,x] - 1/2xInt[ (q-x"2)/ (a+b*x*2+cxx"4),x]] /;

FreeQ[{a,b,c},x] && LtQ[b”2-4xaxc,0] && PosQ[axc]
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

m

2:J————————dxw%nw—4ac¢eAmeZ*A3sm<4Atﬂ—4ac;e
a+bx?+cx?

Derivation: Algebraic expansion

H 3
Basis: If g > ./ 2 and '2 -5 then z - g+rz B g-rz
q C r- a-co a+b z2+c z4 2cr~<q+rz+22) Zc,ﬂ(q_Pz+Zw

Note:If (a | b | c) eR A b2—4ac<6,then%>0andz\/€_§>a.

Rule1.2.2.2.6.1.7.3.2:1f b>-4ac+@ AmeZ*A3=m<4 Ab>-4ac +0,letq > /2 andrh/zq_g,then

x" 1 x"3 (q+rx 1 x"3 (g-rx
J— dx — J @rr9 gy J @79 g
a+bx?+cx? 2cr q+rx+x? 2cr g-rx+x?

Program code:

Int[x_"m_./(a_+b_.xx_"2+c_.*x_"4),x_Symbol] :=
With[{q=Rt[a/c,2]},
With[{r=Rt[2+q-b/c,2]},
1/ (2%xcxr) *Int [X* (m-3) % (q+r*X) / (q+P*X+X*2) ,X] -
1/ (2xcxr) +Int [XA (M-3) % (q-r*x) / (q-r+x+x*2) ,x]11] /;
FreeQ[{a,b,c},x] && NeQ[b"2-4xaxc,0] && GeQ[m,3] &% LtQ[m,4] && NegQ[b"2-4xaxc]
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

m

3:J————————dxw%nw—4ac¢eAmeZ*A1sm<3Atﬂ—4ac;e
a+bx?+cx?

Derivation: Algebraic expansion

Basis:If g - ./ 2 and l24-t . then z : 1 B 1
q C r- a-co a+b z2+c z4 2cr~<q—rz+22) Zc,ﬂ(q+Pz+Zw

Note:If (a | b | c) eR A b2—4ac<6,then%>0andz\/€_§>a.

Rule1.2.2.2.6.1.7.3.3:1f b?-4ac+@ AmeZ*Al=m<3 Ab’-4ac +0,letq- /2 andr-.[2q-2,then

m-1

X" 1 xm-1 1 X
J—dlx—» J dx - J dx
a+bx?+cx? 2cr Jg-rx+x? 2cr Jg+rx+x?

Program code:

Int[x_"m_./(a_+b_.xx_"2+c_.*x_"4),x_Symbol] :=

With[{q=Rt[a/c,2]},

With[{r=Rt[2xq-b/c,2]},

1/ (2xcxr) *Int[x* (m-1) / (q-r*x+x"2) ,X] - 1/ (2%c*r)*Int[x*(m-1) / (q+r*X+x"2),x]] ] /5
FreeQ[{a,b,c},x] && NeQ[b”"2-4xaxc,0] && GeQ[m,1] &% LtQ[m,3] && NegQ[b”2-4xaxc]
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

(dx)"
4: J dx whenb?-4ac#0 Am=x2
a+bx?+cx?

Reference: G&R 2.161.1a & G&R 2.161.3

Derivation: Algebraic expansion

Basis: Let q — m then —dz2.°  __ %

a+bz+c z2

Rule1.2.2.2.6.1.7.4:1f b2-4ac+0 A m= 2,letq—> /b%>-4ac,then

(d x)™ d? (b (d x) ™2 d? (b -
—dlx—»—(—+1) —dlx——(——l) —d
a+bx?+cx? 2 \q §+-;~+cx2 2 \q g 2

Program code:

Int[(d_.*x_)"m_/(a_+b_.*x_"2+c_.*x_"4),x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
d”2/2% (b/q+1) *Int[ (d*x)~(m-2) / (b/2+q/2+C*Xx*2) ,x] -
d”2/2x (b/q-1) *Int[ (d*x)~(m-2) / (b/2-q/2+c*x*2) ,x]] /;
FreeQ[{a,b,c,d},x] && NeQ[b”2-4xaxc,0] && GeQ[m,2]

(dx)"
5: j—dlx whenb?-4ac#0
a+bx?+cx*

Reference: G&R 2.161.1a

Derivation: Algebraic expansion

Basis: Letq - \/b?-4ac,then —1— = ¢

¢ 1
a+b z+c z2 q 27%+cz q b.¢

X
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

(dx)m C dx)m [ (dx)™
——————dx —» - | ————dx-— | ————dx
a+bx?+cxt q §—§+cx2 q §+521+cx2

Program code:

Int[(d_.*x_)"m_./(a_+b_.*x_"2+c_.xx_"4),x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
c/q*Int[ (d*x)”*m/ (b/2-q/2+c*x"2) ,x] - c/q*Int[ (dxx)”m/ (b/2+q/2+c*x*2),x]] /;
FreeQ[{a,b,c,d,m},x] && NeQ[b”2-4xaxc,0]

11. J dx whenb?-4ac#0
a+bx +cx*

1. J dx whenb?-4ac>0
a+bx +cx?

1: J dx whenb?-4ac>0 A c<0
a+bx +cx?

Derivation: Algebraic expansion

Basis:If b2-4ac>0 A c<0,letqg—/b2-4ac,then
2

2 4 __ 1 _ _ 2
\/a+bx + C X" = - \/ b+g-2cx
| ]
Rule1.2.2.2.6.1.8.1.1:1f b2-4ac >0 A c<0Q,letqg— +/b>-4ac,then
jédx_)zﬁj <
Va+bx?+cx* Vb+q+2cx? V-b+qg-2cx2

Program code:

Int[x_”"2/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b”2-4xaxc,2]},
2xSqrt[-c]*Int[x"2/ (Sqrt[b+q+2*c*x”2] *Sqrt[-b+q-2xc*x"2]),x]] /;
FreeQ[{a,b,c},x] && GtQ[b"2-4xaxc,0] && LtQ[c,0]

dx
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

2

x
2. J—dlx whenb?-4ac>0 A c¢0
Va+bx?+cx?*

x2

1: J—dlxwhenbz—4ac>eA§>e :
Va+bx?+cx*

Derivation: Algebraic expansion

Rule1.2.2.2.6.1.8.1.2.1:1f b2-4ac >0 A

)

>0 A §<@,letq+4/§,then

X X- =

1 1 1 1-qx?
S [ M 1 -
97 Va+bx?+cx? 97 Va+bx?+cx?

dx

XZ
J—dl
Va+bx?+cx?
Program code:

Int[x_"2/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=

With[{gq=Rt[c/a,2]},

1/q*Int[1/Sqrt[a+bxx*2+c*x"4],x] - 1/q*Int[ (1-q*x"2)/Sqrt[a+b*xx"2+c*x*4],x]] /;
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0] & GtQ[c/a,0] && LtQ[b/a,0]
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

2
x
2: j—dlx whenb?-4ac>0 A a<@ Ac>0

Va+bx?+cx*

Derivation: Algebraic expansion

| |
Rule1.2.2.2.6.1.8.1.2.2:If b>-4ac>0 Aa<0 A c>0,letqg—-+/b?>-4ac,then
x? b-q 1 1 b-q+2cx?
J—dlx—» - j dx+ — | — dx
Va+bx?+cx? 2¢c Va+bx?+cx? 2¢Jaibx®+cx?

Program code:

Int[x_"2/Sqrt[a_+b_.xx_"2+c_.*x_"4],x_Symbol] :=

With[{q=Rt[b*2-4xaxc,2]},

-(b-q) / (2%c) *Int[1/Sqrt[a+b*x"2+c*x"4],x] + 1/ (2%c)*Int[ (b-q+2xcxx”*2) /Sqrt[a+bxx*2+c*x"4],x]] /;
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0] && LtQ[a,0] && GtQ[c,0]
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

2
X +4/ b2-.

Va+bx?+cx?
2
X b2
Ya+bx?+cx?

Reference: G&R 3.153.1+

[ |
Rule1.2.2.2.6.1.8.1.2.3.1:If b? -4 ac > 0,letq > \/b? -4 ac,if &2, 0, then
b+q 2 2a+(b-q) x
x2 x (b+q+2cx?) \/ 2a (Za+(b+q)x)\’ 2a+ (b+q) X*
J-— dx — - E111pt1cE[Ar‘cTan
Va+bx?+cx* 2cVa+bx?+cx? 2cVa+bx?+cx?
Program code:
Int[x_"2/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
X* (b+q+2xc*xx"2) / (2xcxSqrt[a+bxx"2+c*x"4]) -
Rt[ (b+q) / (2%a) ,2] * (2*xa+ (b+q) *x*2) xSqrt[ (2*a+ (b-q) *x*2) / (2*xa+ (b+q) *x*2) ]/ (2xcxSqrt[a+bxx*2+Cc*Xx"4]) »
EllipticE[ArcTan[Rt[ (b+q) / (2*a) ,2]*x],2*q/ (b+q)] /;
PosQ[ (b+q) /a] && Not[PosQ[(b—q)/a] && SimplerSqrtQ[ (b-q)/ (2x%a), (b+q)/(2*a)]]] /5
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0]
2: j d1xwhenb2-4ac>e/\@>e
a+ b x% + cx*
Reference: G&R 3.153.1-
[ |

Rule1.2.2.2.6.1.8.1.2.3.2:If b>-4ac > 0,letq > /b -4 ac,if 2, ethen

W5

b+q
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

b-q _ 2 2a+(b+q) x*
x2 X (b—q+2cx2) \[ 2a (2a+ (b-q) x ) 2a+ (b-q) X? b-q
J-— dx — - EllipticE[ArcTan[ x], -
Ya+bx?+cx? 2cVa+bx?+cx? 2cVa+bx?+cx? 2a

Program code:

Int[x_"2/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4+axc,2]},
X* (b-q+2xc*x"2) / (2xc*xSqrt[a+bxx*2+cxx*4]) -
Rt[ (b-q) / (2%a),2] * (2*xa+ (b-q) *x*2) *Sqrt[ (2*a+ (b+q) *x*2) / (2*xa+ (b-q) *x"2) ]/ (2xc*Sqrt[a+bxx*2+c*x"4]) *»
EllipticE[ArcTan[Rt[ (b-q) / (2%a) ,2] *x],-2%xq/ (b-q)] /;
PosQ[ (b-q) /a]] /3
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0]

x? b2

Va+bx?+cx*
2
X 2_
1: J—d]x whenb?-4ac>0 A @;a
Va+bx?+cx*

Derivation: Algebraic expansion

| |
Rule1.4.1.8.1.2.4.1:1f b2-4ac >0,letq—> /b2 -4ac,if b—;q + @then

x? b+q 1 1 b+q+2cx?
j—dlx—»— j dx+ — | — dx
Va+bx?+cx? 2c Va+bx?+cx* 2¢J\aibx?+cx®

Program code:

Int[x_"2/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=

With[{q=Rt[b*2-4xaxc,2]},

-(b+q) / (2%c) *Int[1/Sqrt[a+b*x"2+c*x"4],x] + 1/ (2%c)*Int[ (b+q+2xc*x”*2) /Sqrt[a+bxx"2+c*x"4],Xx] /;
NegQ[ (b+q) /a] && Not[NegQ[(b-q)/a] && SimplequrtQ[-(b-q)/(Z*a),—(b+q)/(2*a)]]] /3
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0]

b-q

bal
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

x2 N
2: J-—dlx whenb?-4ac>0 A @}0
Ya+bx?+cx?

Derivation: Algebraic expansion

| |
Rule1.4.1.8.1.2.4.2:1f b2-4ac >0,letq—>~/b2-4ac,if b—aq + @then
x? b-q 1 1 b-q+2cx?
j—dlx—»— J. dx + — dx
Va+bx?+cx? 2¢ J\asbx®+cx? 2¢Jasbx?+cx?

Program code:

Int[x_"2/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=

With[{q=Rt[b*2-4%axc,2]},

-(b-q) / (2%c) *Int[1/Sqrt[a+b*x"2+c*x"4],x] + 1/ (2%c)*Int[ (b-q+2xc*x"2) /Sqrt[a+bxx"2+c*x"4],Xx] /;
NegQ[ (b-q) /a]l /;
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0]
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

2

x
2. J—dlx whenb2—4ac}_0
Va+bx?+cx?
1: J dlxwhenbz—4ac¢eA§>e

Vasbx®+cx®
Derivation: Algebraic expansion

CIf w2 c [ c
Rule1.2.2.2.6.1.8.2.1:If b -4ac +0 A S >0, letg —» : , then

dx - — dx

X 1 1-qx
[ U S g L
Va+bx?+cx* 97 Va+bx?+cx? 97 Va+bx?+cx?

Program code:

Int[x_”"2/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=

With[{gq=Rt[c/a,2]},

1/q*Int[1/Sqrt[a+bxx*2+c*x"4],x] - 1/q*Int[ (1-q*x"2)/Sqrt[a+b*xx"2+c*x*4],x]] /;
FreeQ[{a,b,c},x] & & NeQ[b”2-4xaxc,0] && PosQ[c/a]

2: J d1xwhenb2-4ac¢e/\§;e
a+bx +cx?

Derivation: Piecewise constant extraction

1+2cx2 \/1+2cx2
b—q b+q
Basis: If \/b?-4ac, then o J == 0
- x Va+b x2+c x4

[ |
Rule 1.2.2.2.6.1.8.2.2:1f b>-4ac +0 A < 30,letq - b2 -4 ac,then
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

b+q
- ax -
YVa+bx?+cx? Va+bx?+cx* \/ 2cx

Program code:

Int[x_"2/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
Sgrt[1+2xc*x”2/ (b-q) ] *Sqrt[1+2xcxx~2/ (b+q) ]/Sqrt[a+b*x"2+c*x"4] *
Int[x”*2/ (Sqrt[1+2xc*x"2/ (b-q) ] *Sqrt[1+2+xc*x”2/(b+q)]1),x]] /;
FreeQ[{a,b,c},x] & & NeQ[b"2-4xaxc,0] && NegQ[c/a]

12: J(d x)" (a+bx*+cx*)?dx

Derivation: Piecewise constant extraction

(a+b x2+c x4)p

2 2 P 2 2 P
1+ £x 1+ £x
b+/b?-4ac b-v/b*-4ac

::@

Basis: Oy

Rule 1.2.2.2.10:

IntPart[p] FracPart[p]

a (a+bx2+cx4)

+

b+y/b%-4ac

(dx)" (a+bx*+cx*)Pdx —
FracPart[p] FracPart[p]
(1 2cx? J (1 2cx? )
—2cx? , —2cx

b-4/b*-4ac

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*x_"2+c_.xx_"4)"p_,x_Symbol] :=
a”IntPart[p] * (a+bx*x*2+c*x"4) ~"FracPart[p]/

2cx?

b+q

2cx

b

((1+2xc*x"2/ (b+Rt [b*2-4xaxc,2]) ) *FracPart [p] * (1+2xc*x*2/ (b-Rt [b”*2-4xaxc,2]) ) *FracPart[p]) *

Int[ (d*x) mx (1+2xcxx*2/ (b+Sqrt[b”2-4xaxc]) ) *p» (1+2xc*xx"2/ (b-Sqrt[b*2-4xaxc]) )" p,x] /;

FreeQ[{a,b,c,d,m,p},x]

2

4

2cx

b

2

p
J(d x)" [1+—] [1+—
b+Vb*-4ac b-vVb?-

4ac

dx
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Rules for integrands of the form x”~"m (a+b x~2+c x"4)"\p

S: ju'" (a+bv2+cv4)pd1x whenv=d+ex A u=fv

Derivation: Integration by substitution and piecewise constant extraction

m

Basis: If u == f v, then 6, \‘j—m =0

Rule1.2.2.2S:If v==d +ex A u = fv,then

fu"‘ (a+bv?+cv!)Pax — Subst[Jx"‘ (a+bx®+cx*)Pdx, x, v]
ev

Program code:

Int[u_"m_.*(a_.+b_.*v_"2+c_.*v_"4)"p_.,x_Symbol] :=
urm/ (Coefficient [v,X,1] +vAm) xSubst [Int [X m+ (a+bxX"2+C*x" (2%2) ) "p,X],X,V] /;

FreeQ[{a,b,c,m,p},x] && LinearPairQ[u,v,x]
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